In this work we consider the energy decay result and nonexistence of global solution for a reaction-diffusion equation with generalized Lewis function and nonlinear exponential growth. There are very few works on the reaction-diffusion equation with exponential growth f as a reaction term by potential well theory. The ingredients used are essentially the Trudinger-Moser inequality.
Introduction
In this paper, we study the following initial boundary value problem with generalized Lewis function a(x, t) which depends on both spacial variable and time:
a(x, t)u t -u = f (u), x ∈ , t > ,
u(x, t) = , x ∈ ∂ , t > , ()
here f (s) is a reaction term with exponential growth at infinity to be specified later, is a bounded domain with smooth boundary ∂ in R  . In this paper we assume that f (s) is a reaction term with exponential growth like e lutions in finite time by taking the initial data inside the potential well [] . Moreover, they also got the optimal and uniform decay rates of the energy for global solutions.
For the reaction-diffusion equation with polynomial growth reaction terms (that is, equation () with a(x, t) =  and f (u)
Motivated by the ideas of [, ], we concentrate on studying the uniform decay estimate of the energy and finite time blow-up property of problem ()-() with generalized Lewis function a(x, t) and exponential growth f as a reaction term. To the authors' best knowledge, there are very few works in the literature that take into account the reactiondiffusion equation with exponential growth f as a reaction term by potential well theory. The majority of works in the literature make use of the potential well theory when f possesses polynomial growth. See, for instance, the works [-] and a long list of references therein. The ingredients used in our proof are essentially the Trudinger-Moser inequality (see [, ] ). We establish decay rates of the energy by considering ideas from the work of Messaoudi [] . The case of nonexistence results is also treated, where a finite time blowup phenomenon is exhibited for finite energy solutions by the standard concavity method adapted for our context.
The remainder of our paper is organized as follows. In Section  we present the main assumptions and results, Section  and Section  are devoted to the proof of the main results.
Throughout this study, we denote by · ,
Assumptions and preliminaries
In this section, we present the main assumptions and results. We always assume that: (A) a(x, t) is a positive differentiable function and is bounded for t ∈ [, +∞),
The function f (t)/t is increasing in (, ∞), and for each β > , there exists a positive constant C β such that
(A) For each ε > , β >  and p >  fixed, there exists a positive constant C(ε, β) such that
where
A typical example of functions satisfies (A)-(A) is f (t) = C|t| p- te Mt α , with given p > , M > , C > , and α ∈ (, ). Now we define some functional as follows: 
We also need the following lemmas.
Lemma . [, ] Let be a bounded domain in R
and there exist positive constants m  such that
Lemma . [] Let φ(t) be a nonincreasing and nonnegative function on
where C, ω are positive constants depending on φ() and other known qualities.
Lemma . [] Suppose that a positive, twice-differentiable function H(t) satisfies on t ≥  the inequality H (t)H(t) -(δ + ) H
In order to state and prove our main results, we remind that by the embedding theorem there exists a constant C  depending on p and only such that
By multiplying equation () by u t , integrating over , using integration by parts and a(x, t) > , we get
Our main results read as follows. http://www.boundaryvalueproblems.com/content/2014/1/70
Theorem . Let (A)-(A) hold. Assume further that u
for some sufficiently small ε  >  and C ε  > . Then there exist positive constants K and k such that the energy E(t) satisfies the decay estimates for large t 
Proof of decay of the energy
In this section we prove Theorem .. We divide the proof into two lemmas.
Lemma . Under the assumptions of Theorem ., we have, for all t ≥ , u(t) ∈ W  .
Proof Since I(u  ) ≥ , then there exists (by continuity) T m < T such that
This and (A) give
So, by () we have
We then use (), the Holder inequality and the embedding theorem to obtain, for each
, we choose β such that and therefore, by () for ε  >  and C ε  > , we have
By virtue of () and the definition of I(t), we have
This shows that u(t) ∈ W  for all t ∈ [, T m ]. By repeating this procedure and the fact that
This is extended to T.
Lemma . Under the assumptions of Theorem ., we have, for
Proof It suffices to rewrite () as
Thus () follows from (). 
Proof of Theorem . We integrate () over [t, t + ] to obtain
Using (), () and (), we have
Integrating both sides of () over [t, t + ] and using (), one can write 
for C  a constant depending on C  , A, θ , η only. We then use Young's inequality to get from () and () sup s∈ [t,t+] 
E(t) ≤ C  D  (t) ≤ C  E(t) -E(t + ) . (   )
By () in Lemma . we then get the results.
Proof of the blow-up result
In this section, we shall prove Theorem . by adapting the concavity method (see Levine [] ). We recall the following lemma in [] .
